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Abstract 

For any n 3, let F E Z[Xo, ■ ■ ■ ,X n ] be a form of degree d ^ 5 
that defines a non-singular hypersurface XcT. The main result in this 
paper is a proof of the fact that the number N(F; B) of Q-rational points 
on X which have height at most B satisfies 

N(F;B) = O d , £ , n (B n - 1+ "), 

for any e > 0. The implied constant in this estimate depends at most 
upon d, e and n. New estimates are also obtained for the number of 
representations of a positive integer as the sum of three dth powers, and 
for the paucity of integer solutions to equal sums of like polynomials. 
Mathematics Subject Classification (2000): 11G35 (11P05,14G05) 

1 Introduction 

For any n ^ 3, let F G Z[Jfo, . . . , X n ] be a form of degree d ^ 2 that produces 
a non-singular hypersurface F = in P n . The primary purpose of this paper 
is to study the distribution of rational points on this hypersurface. To this end 
wc define the quantity 

N(F; B) = #{x G : F(x) = 0, h.c.f .(x 0) ...,x n ) = l, |x| < B}, 

for any B 1, where |x| denotes the norm maxo^^ n \xi\. A simple heuristic 
argument leads one to expect an asymptotic formula of the shape 

N(F;B) - c F B n+1 - d , 

as B — > oo, for some non-negative constant cf- Birch [2] has shown that this is 
indeed the case when n is sufficiently large compared with d, and the conjecture 
of Manin [7] predicts that this estimate should be true as soon as n ^ 2d, with 
n 5* 4. When d = n = 3 the quantity N(F; B) may be dominated by the 
presence of rational lines contained in the surface F = 0, in which case it is 
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more interesting to study the distribution of rational points on the Zariski open 
subset formed by deleting the lines from the surface. This paper is motivated 
by the following basic conjecture. 

Conjecture 1. Let e > and suppose that F e Z[X , . . . , X n ] is a non-singular 
form of degree d > 2. Then we have 



Throughout our work the implied constant in any estimate is absolute unless 
explicitly indicated otherwise. In the case of Conjecture 1 for example, the 
constant is permitted to depend only upon d, e and n. Conjecture 1 is a special 
case of a conjecture due to the second author [9, Conjecture 2], which predicts 
that the same estimate should hold under the weaker assumption that F is 
absolutely irreducible. Although Conjecture 1 is essentially best possible in 
the case d = 2, it is almost certainly not so for d ^ 3 and n ^ 4. In fact 
Conjecture 1 might be considered as an approximation to the conjecture of 
Batyrev and Manin [1], which leads one to expect an estimate of the shape 
N(F; B) = op(B n ~ 1 ) for such values of d and n. 

In this paper we return to the techniques introduced in our earlier study of 
rational points of bounded height on geometrically integral hypcrsurfaces [6]. 
Thus if F <G Z[X , . . . , X n ] is an absolutely irreducible form of degree d > 2, the 
main result in this latter work [6, Corollary 2] implies that 



In particular this estimate establishes Conjecture 1 for d ^ 6, since any non- 
singular form is automatically absolutely irreducible. The conjecture had al- 
ready been established in the case d = 2, and for any d ^ 2 provided that 
n ?C 4. This comprises the combined work of both the first and second authors 
[3, 5, 9]. In all other cases (1.1) is currently the best available estimate. It turns 
out however that the techniques used to prove (1.1) for absolutely irreducible 
forms can be made to yield a sharper estimate in the setting of non-singular 
forms. It is important to observe in this context that Conjecture 1 appears to 
become rapidly more difficult as d decreases. Our goal in the present paper has 
been merely to produce a bound which establishes Conjecture 1 for all d ^ 5, 
in as simple a manner as possible. It seems likely that the exponent may be 
improved with further work, but that new ideas would be needed in order to 
prove the conjecture when d = 3 or 4. The following is our main result. 

Theorem 1. Let e > and suppose that F € Z[Xq, ■ . ■ , X n ] is a non-singular 
form of degree d ^ 4. Then we have 



N(F;B)=O d ^ n (B 



■ n — 1+e 



)■ 




(1.1) 



N(F; B) < d , £ ,„ B 



1 71— 1+£ 



B n-2+2/Vd+l/(d-l)-lf{(d-2)Vd)+e 



In particular Conjecture 1 holds for d ^ 5. 
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The estimates in Theorem 1 and (1.1) coincide when d = 4. It is interesting 
to compare Theorem 1 with earlier work of the second author [8, Theorem 2]. 
There the bound N(F; B) = O e ^ F {B n ~ 1+£ ) is established for all non-singular 
forms F in at least 10 variables, provided that F has degree d ^ 3. As indicated 
the formulation of [8, Theorem 2] involves an implied constant that is allowed 
to depend upon the coefficients of F. However a straightforward examination of 
the proof of this result reveals that the bound is actually uniform in non-singular 
hypersurfaces of fixed degree d and fixed dimension n — 1. It will be convenient 
to state this observation formally here. 

Theorem 2. Conjecture 1 holds for n ^ 9. 

We are now in a position to combine all of our various results that pertain 
to Conjecture 1. We have already observed that this conjecture holds for all 
quadrics, and all forms in at most 5 variables. On combining Theorem 1 and 
Theorem 2 with these facts we therefore obtain the following result. 

Corollary 1. Conjecture 1 holds for all values of d and n except possibly for 
the eight cases in which d — 3, 4 and n = 5, 6, 7, 8. 

In a future paper we shall use methods from [5] to complete the proof of 
Conjecture 1 for the eight remaining cases. The proof of Theorem 1 is based 
upon the proof of (1.1), and it will be useful to recall the basic idea here. For any 
v ^ 2, let / e Qpi, . . . , T v \ be a polynomial of total degree 8, which produces 
a non-singular hypersurface / = in A". Here we note that an affine variety is 
said to be non-singular if and only if it has a non-singular projective model, and 
we shall henceforth think of a polynomial / as being non-singular if and only 
if the corresponding hypersurface / = is non-singular. With this in mind we 
define the counting function 



for any B 1. Then the main trick behind the proof of Theorem 1 is the simple 
observation that 



where = /b(T l7 . . . , T n ) denotes the polynomial F(b, I\, . . . , T n ). Typically 
/{, will be non-singular and have degree d, so that the problem of proving good 
upper bounds for N(F; B) is replaced by the problem of proving good upper 
bounds for M(f;B) for non-singular polynomials / e Qpi, . . . ,T V \ of degree 
(5^3. The procedure is then to argue by induction on i/, and it turns out that 
the key ingredient is a sharp bound for the inductive base v = 3. Thus the main 
work in the proof of Theorem 1 is actually taken up with a demonstration of 
the following result. 

Theorem 3. Let e > and suppose that f e Z[Ti,T 2 ,T 3 ] is a non-singular 
polynomial of degree S ^ 4. Then we have 



M(/;B) = #{ter:/(t) = 0, |t| < B} 



(1.2) 




(1.3) 
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M(f; B) <5 £ B 1+£ + _B 2 /v^+i/(5-i)-i/((5-2)v / 5)+£ i 
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As highlighted above, the implied constant here is only permitted to depend 
upon S and e, and not on the individual coefficients of /. It is interesting to 
compare Theorem 3 with the corresponding result [6, Theorem 2], that consti- 
tutes the inductive base at the heart of (1.1). This latter result applies to the 
class of all degree S polynomials in Z[Ti , T 2 , T 3 ] , whose homogeneous part of de- 
gree S is absolutely irreducible. However the estimate obtained is weaker than 
that of Theorem 3, as soon as 5 ^ 5. In fact the assumption of non-singularity 
in Theorem 3 affords us much better control over the curves of low degree con- 
tained in the surface / = 0, and this is crucial to the proof. Theorem 3 will be 
established in §2, and this will then be used in §3 to deduce Theorem 1. 

It turns out that Theorem 3 has applications to a rather different set of 
problems. We begin by seeing how it can be used to deduce better estimates 
for the number of representations of a given integer as the sum of three powers. 
For given integers d ^ 2 and N > 1, define rd(N) to be the number of positive 
integers ti,t2,t3 such that 

4 + 4 + 4 = n. (i.4) 

It is plain that this equation defines a non-singular affine surface. Until recently 
the best available estimate for rd(N) was the trivial estimate 

r d (N) = O d , e {N 1/d+ % (1.5) 

whose exponent is of course essentially best possible in the case d=2. This was 
improved for d > 8 by the second author [9, Theorem 13], who has replaced the 
exponent \jd by 9/d for d ^ 2, with 

9 = 2/Vd + 2/(d-l). (1.6) 

By combining the proof of this result with the key step in the proof of Theorem 3, 
we shall establish the following result in §4. 

Corollary 2. Let e > and suppose that d ^ 4. Then we have 

r d (N) = O d , £ (N e / d+ % 

with 

9 = 2/Vd+l/(d-l) - l/((d-2)Vd). 

It is clear that Corollary 2 improves upon the trivial estimate (1.5) for d ^ 5, 
and upon (1.6) in every case. In particular this provides further evidence for 
the well-known conjecture that r d (N) = O d>£ (N e ), as soon as d ^ 4. 

Theorem 3 also has applications to paucity problems for equal sums of like 
polynomials. Let / <E Z[T] be a polynomial of degree d > 3, and let B be a 
positive integer. Then for any s ^ 2 we define L s (f;B) to be the number of 
positive integers x\, . . . , x^ s <k B such that 

/On) + • • • + f{x.) = f(x s+1 ) + ■■■ + f(x 2s ). (1.7) 
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It is conjectured that L s (f;B) is dominated by the s\B s trivial solutions, in 
which x\, . . . , x s are a permutation of x s +i, . . . , x 2s . Outside of work due to 
Linnik [10], and later the first author [4], there has been relatively little attention 
paid to the quantity L s (f;B) for arbitrary polynomials / € Z[T] of degree d. 
In this setting, when s = 2, it follows from [4, Theorem 1] that 

L 2 (f;B) = 2B 2 (l + o f (l)), 

provided that d ^ 7. Earlier work of Wooley [12] establishes such an estimate 
in the case d = 3. We are now ready to present the improvements that we have 
been able to make to this problem, the details of which may be found in §4. 

Corollary 3. Let e > and suppose that f £ Z[T] is a polynomial of degree d. 
Then we have 

L 2 (f;B) = 2B 2 (l + o f (l)) 

for d > 5. 

Acknowledgement. While working on this paper, the first author was sup- 
ported at Oxford University by EPSRC grant number GR/R93155/01. 

2 AfRne surfaces 

In this section we shall prove Theorem 3. Consequently, let / € Z[Ti,T 2 ,T 3 ] 
be a non-singular polynomial of degree 5 ^ 4. Throughout the proof it will be 
convenient to work with the projective model for the affine surface / = 0. Thus 
let X c P 3 be the non-singular surface defined by the form 

F(X ,X 1 ,X 2 ,X 3 ) = X*f(X 1 /X Q ,X 2 /X ,X 3 /X ), (2.1) 

of degree 8. We may clearly assume that F is primitive, so that the highest 
common factor of its coefficients is 1. Throughout our work we shall always 
follow the convention that any point x £ P 3 (Q) is represented by a vector 
x = (xo,Xi,x 2 ,X3) G Z 4 such that h.c.i.(xo,xi,x 2 ,x 3 ) — 1, and we shall write 
x = [x] e P 3 (Z) to express this fact. With this in mind we define the counting 
function 

iV aff (S;B) = #{[1,0:1,3:2,3:3] e SHP 3 (Z) : H([l, Xl ,x 2 ,x 3 }) < B}, 

for any B > 1 and any locally closed subset SCI defined over Q. In particular 
we clearly have M(f; B) = N aff (X; B) in the statement of Theorem 3. 

Let F € Z[Xo, X\, X 2 , X3] be a primitive form of degree d ^ 4 that defines 
a non-singular surface X C P 3 , and let k ^ 2 be an integer. Then it will be 
convenient to introduce the open subset X^ C X which is obtained by deleting 
all of the curves from X that arc defined over Q and have degree at most k. 
In particular X^ is plainly empty for k d and so we henceforth make the 
assumption that 

2<fc<d-l. (2.2) 
With this notation in mind our first goal is to establish the following estimate. 
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Proposition 1. We have 

N 3ff '{X [k) ; B) < d£ B 2/v^+i/(fe+i)-i/(fcVd)+ £j 

for any e > 0. 

Before proceeding with this task, we first indicate how this will suffice to 
complete the proof of Theorem 3. By a result of Colliot-Thelene [9, Appendix], 
we see that the non-singular surface X contains Od{l) geometrically integral 
curves of degree at most d— 2. We now need the following estimate due to Pila 
[11, Theorem A]. 

Lemma 1. Let e > and suppose that C C A" is a geometrically integral curve 
of degree 6^1. Then we have 

#{tecnr : |t| b} = o s ,eA Bl,5+e )- 

Hence it follows from Lemma 1 that the overall contribution to N aff (X; B) 
from the set of curves of degree at most d— 2 is Od, s (B 1+£ ), since we have already 
seen that there are only Od(l) such curves contained in X. On combining this 
with an application of Proposition 1 with k = d — 2 we therefore obtain the 
estimate 

N aff (X:B) <C de B 1+£ + £ 2 /Vd+i/(ci-i)-i/((d-2)Vd)+e_ 

This completes the deduction of Theorem 3 from Proposition 1. 

We proceed by establishing Proposition 1. For any prime p we shall write X p 
for the surface defined over ¥ p that is obtained by reducing the coefficients of F 
modulo p, and we denote the set X p n P 3 (F p ) by X p (W p ). It will be convenient 
to define 

S(S; B) = {[1, x u x 2 ,i 3 ]eSn P 3 (Z) : H([l, x 1 ,x 2 ,x 3 }) B}, 

for any locally closed subset S C X defined over Q, so that in particular 
iV afF (S;B) = #S , (S; J B). Now let tt = [1, tti, tt 2 , tt 3 ] G X p {¥ p ), where m,w 2 ,w 3 
are always assumed to be in ¥ p . We also define the set 

S p (Z;B,n) = {[l, Xl ,x 2 ,x 3 ] eSnP(Z): ^ ^ ^ (modp); (1 ^ • ^ 3) j, 

for any locally closed subset S C X defined over Q. We shall base our proof 
of Proposition 1 on the proof of [6, Theorem 2]. Suppose first that log ||F|| ^>d 
log J3, with a suitably large implied constant, where ||F|| denotes the maximum 
modulus of the coefficients of F. Then an application of [6, Lemma 5] reveals 
that N^{X^-B) < N aff (Y;B), for some curve Y C P 3 of degree O d (l) that 
does not contain any geometrically integral components of degree less than 
k. The contribution from each such component is clearly O d e (B 1 /(' c+1 ^ +e ) by 
Lemma 1, and so it suffices to assume that 

log||F||=O d (logB) (2.3) 
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in our proof of Proposition 1 . The next step in the argument involves introducing 
the set ofi€l that have multiplicity at most 2 on the tangent plane section 
X n T X (X). We shall henceforth denote this set by U, and write for the 
subset of points that do not lie on any curve of degree at most k contained in 
X. In particular an application of [6, Lemmas 10 and 11] implies that U is a 
non-empty open subset of X, and once combined with Lemma 1 we may deduce 
that 

N aff (X^;B) = N aff (U^;B) + O d ^(B 1/(k+1)+e ). 

In summary it will therefore suffice to establish Proposition 1 under the as- 
sumption that (2.3) holds, and with X^ replaced by U^ k \ For any prime p 
we shall define U p to be the open set of non-singular points on X p which have 
multiplicity at most 2 on the tangent plane section at the point. Our main tool 
in the proof of Theorem 3 is the following result [6, Lemma 12]. 

Lemma 2. Let e > and let U, X be as above. Then there exists a set U of 
Od, e (l) primes p, with 

B l/Vd+e <<d ^ p <d s gl/Vd+e^ (2 4) 

such that the following holds. For each ir — [1, 7Ti, 7T2, 773] € U p (¥ p ), there exists 
a form G^ € Z[X , Xi, X 2 , X 3 ] of degree Od, e (l) which is not divisible by F, 
such that 

S(U;B)=\J |J {[l,x 1 ,x 2 ,x 3 }eS p (U;B,w):G w (l,x 1 ,x 2 ,x 3 ) = 0}. 
peUTreu p (¥ p ) 

Applying Lemma 2 we therefore deduce that there exists a set II of Od,e(l) 
primes p, with (2.4) holding, such that 

N aff (U (k ^;B) < #{[L,xi,x 2 ,x 3 ]eS p {U;B,n):G„(l,x 1 ,X2,x 3 ) = 0}. 

pen 

tt£U p (F p ) 

Here the G^ <G Z[X 0} X l7 X 2 , X 3 ] are a finite set of forms indexed by points 
7r = [1, 7Ti, 7T2, n 3 ] <G U p (W p ). For each ir G U p (¥ p ), the form G T has degree 
Od j£ (l) and is not divisible by F. For any integral component Y = Y v C P 3 of 
the curve F = G^ = we write 

Nf(Y;B,n) = #S p (Y;B,n). 

Now let Yi, . . . ,Y S be the collection of those geometrically integral components 
of F = Gtt = which either have dimension 0, or have dimension 1 and degree 
at least k + 1. Then we will have s = Od i£ (l) and 

#{[l, Xl ,x 2 ,x 3 ] e S p (U^;B,n) : G n (l, Xl ,x 2 ,x 3 ) = 0} < £ N? (Yj- B, tt). 
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As we vary over primes p € II and points tt <e U p (¥ p ), let / denote the 
set of components of the curves F = G v = that have dimension 0. Since 
#U p (¥ p ) < #Xp(F p ) = O d (p 2 ) for each p e U, it easily follows from (2.4) that 

#1 < s#n.max#?7 p (F p ) = O d . e (B 2/V ~ d+2e ). 
p 

Thus the overall contribution to N aff (U^; B) from the set / is satisfactory for 
Proposition 1. We henceforth fix a choice of prime p € IT and a point n e U p (¥ p ). 
Let Cr be the corresponding form produced by Lemma 2 and let Y = Y n C P 3 
be any geometrically integral component of the curve F = G v = of dimension 
1 and degree e ^ fc+1. We now employ the following estimate [6, Proposition 2]. 

Lemma 3. Assume that Y has degree e 3. Then we have 
Nf(Y;B,n) «^ e , £ S Ve-i/((e-i)v^)_ 

As above, we note that #U p (W p ) = O d . £ {B 2 ^ +2£ ) for each p e II. On 
observing that 

3 + 1^6 = 0^(1), 

by (2.2), we may therefore take e ^ fc + 1 in Lemma 3 in order to conclude the 
proof that 

N 3ff (U (k) ; B) <C d£ B 2/^d+i/(k+i)-i/{kVd)+2e _ 
This suffices for the proof of Proposition 1, and so also for that of Theorem 3. 

3 Affine hypersurfaces 

In this section we shall establish Theorem 1. Before doing so we take a moment 
to record a "trivial" upper bound for the quantity N(G;B), which has the 
advantage of applying under the sole assumption that the form G is non-zero. 
The following result is due to the second author [9, Theorem 1]. 

Lemma 4. Let G G Z[A , . . . , X n ] be a non-zero form of degree d. Then we 
have 

N{G;B) = O dtn {B n ). 

As outlined in the introduction, the main ingredient in the proof of Theo- 
rem 1 will be Theorem 3. Let n ^ 3 and let F <G Z[Ao, . . . , X n ] be a non-singular 
form of degree d ^ 4. Then any affine model of F is also non-singular and has 
degree d. For any b € Z we define the polynomial 

fb{Xi, . . . ,X n ) = F(b,Xi, . . . ,X n ). 

By Lemma 4 we clearly have N(F(Q, X lt ..., X n );B) = O d: „(B™ _1 ). Hence, in 
view of (1.3), we deduce that 

N(F;B)^ n B n - 1 + ]T M(f b ;B), (3.1) 

0<|6KB 
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where fb € . . . , X n ] is a non-singular polynomial of degree d for 6 7^ 0. 

The primary aim of this section is to establish the following result, which may 
be of independent interest. 

Proposition 2. Let e > and let v ^ 3. Suppose that f e Z[Xi, . . . ,T V ] is a 
non-singular polynomial of degree S ^ 4. TTien we Ziawe 

M(f ; B) < 5e „ B v ~ 2+e + S^-3+2/\/«+l/(5-l)-l/((5-2)v / 5)+£_ 

Before proceeding with the proof of Proposition 2, we first see how it suffices 
to complete the proof of Theorem 1. But this is simply a matter of using (3.1) 
to deduce that 

N(F; B) <C d £ „ + V (B™- 2+e + £n-3+2/V3+l/(d-l)-l/((d-2)V3)+^ 

0<|6KB 

■Cd + ^n-2+2/V3+l/(d-l)-l/((d-2)v^)+£ 

for any e > 0. This completes the deduction of Theorem 1 from Proposition 
2. The proof of Proposition 2 will involve taking repeated hyperplane sections 
of the non-singular affine hypersurface / = 0. We begin by establishing the 
following auxiliary result, which will help us to control certain bad hyperplane 
sections that arise in our argument. 

Lemma 5. Let f e Z[Ti, . . . , T v ] be a non-singular polynomial of degree S. 
Then there exists a matrix A = {a.ij}ij^„ G SL U (Z) with maxjj |djj| <Ca^ 1, 
such that if g{S\ 1 . . . , S v ) — f(A~ 1 S) then the following holds: 

1. g(Si, . . . , S u ) is non-singular and has degree 5. 

2. There exists k e Q such that g(k, S2, ■ ■ ■ , S u ) is non-singular and has 
degree S. 

Proof. The first part of Lemma 5 is true for any polynomial obtained by non- 
singular linear transformation from /. To establish the second part of the 
lemma, we consider the degree 5 projective model F(X.) = F(X , ■ . . , X v ) for /. 
Then since F is non-singular, there exists a non-zero form F(Y) = F(Yq, . . . , Y v ) 
of degree 0<5,„(1), such that F(y) = whenever the pair of equations 

F(X) = X.y = 

produce a singular form. In fact the theory of the dual variety ensures that F 
is irreducible and has degree at least 2, although we shall not need these facts 
here. It follows from Lemma 4 that we may find a vector b S W +1 such that 
|b| 1 and b\F{b) 7^ 0. Set h = h.c.f.(6i, . . . ,b u ) and write 

k = —h~ 1 b a , ay = h~ 1 bj, 

for 1 < j < v. Then it follows that h.c.f.(an, . . . , ai v ) = 1, and we may 
therefore find a matrix A = {a,ij}ij^ u <E GL V (7L) such that det(A) = 1 and 
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maxjj |ajj| <^s,v 1- We then see that the variety g(k, S2, ■ • ■ , S v ) = is alterna- 
tively given by f(A (k, S2, • ■ • , S,y)) — 0, and so is equal to the variety 

/(Ti, . . . , T v ) = 0, onTi H h ai,yT, y = k, 

which is non-singular and has degree S by construction. This completes the 
proof of Lemma 5. □ 

We now proceed with the proof of Proposition 2, for which we employ induc- 
tion on v . The inductive base v = 3 is satisfactory by Theorem 3. By Lemma 5 
there exists a non-singular polynomial g — g(S\, . . . , S v ) and a constant c <^s,v 1 
such that 

M(f;B)^M(g;cB)= ]T M(g K ;cB), 

\k\^cB 

where we write g K (S2, ■ ■ ■ , S v ) = g(n, S2, ■ • ■ , S v ) for any fixed choice of n. Then 
if g K is non-singular and has degree 5, we may employ the induction hypothesis 
to deduce that 

M(g K ;cB) ««, e ,„ B v ~ 3+S + S -4+2/v^+l/(5-l)-l/((5-2)^)+e. 

Alternatively, if g K is singular or has degree is less than 6, we use the trivial 
estimate M(g K ;cB) = Os, v (B v ~ 2 ) coming from [5, Equation (2.3)]. Note that 
g K cannot vanish identically since g is an irreducible polynomial of degree at 
least two. We claim that that there are just 0^(1) values of k e Z for which 
g K is a bad hyperplane section, where we think of a hyperplane section as being 
bad if it produces a polynomial which is either singular or of strictly smaller 
degree. To see the claim we note as in the proof of Lemma 5 that there is a 
polynomial g(n) of degree 0^(1), which vanishes precisely when g K is a bad 
hyperplane section. But Lemma 5 also ensures that g does not vanish identically, 
which therefore establishes the claim. Hence 

M(f; B) < 4iei „ B v - 2 + (B"- 3+£ + B v ~ 4+2/VJ+i/(«-i)-i/((«-2)VS)+e) 

< 5 e v B v ~ 2+e + 5"-3+2/y5+l/(<5-l)-l/((5-2)y5)+£ 

This establishes Proposition 2, and so completes the proof of Theorem 1. 

4 Proof of Corollaries 2 and 3 

We begin by considering the affine surface (1.4), with a view to establishing 
Corollary 2. Thus it plainly suffices to show that for any B ^ N x / d we have 

M(h; B) « d , £ B 2/V3+i/(d-i)-i/((d-2)V3)+ ei (4 ^ 

in the notation of (1.2), where h denotes the non-singular polynomial 
h(T! ,T 2 ,T 3 ) = T? + + T 3 d - N. 
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Let S C A 3 denote the surface h = 0. Then a straightforward inspection of the 
proof of [9, Theorem 13] shows that the overall contribution to M(h; B) from 
the union of curves of degree at most d— 2 contained in S, is 0<j,e(-B 1//d+e ). This 
is plainly satisfactory for (4.1). In order to complete the proof of Corollary 2 it 
therefore suffices to apply Proposition 1 with k = d — 2, much as in the proof 
of Theorem 3. 

Finally we establish Corollary 3. For this we shall take k = d — 2 in the 
statement of Proposition 1. But then it follows that Hypothesis [d,9d] holds in 
[4, Theorem 3], with 6 d = 2/y/d+l/(d-l)-l/((d-2)Vd). Let B be a positive 
integer and let Lf\f; B) denote the contribution to L s (f; B) from the integer 
solutions to (1.7) in which x\, . . . , x s are not a permutation of x s +i, . . . , X2 S - 
Then we deduce that 

L s (f;B) = s!B s +L^\f;B), 

with 

L(°)(/;_B) <C e/ B 2s ~ 3+e (^B 1/3 + 52/v / 3+i/(d-i)-i/((d-2)v / 3)^ 
This therefore establishes Corollary 3. 

References 

[1] V. Batyrev and Y.I. Manin. Sur le nombre des points rationnels de hauteur 
bornee des varietes algebriques, Math. Ann., 286 (1990), 27-43. 

[2] B.J. Birch. Forms in many variables, Proc. Roy. Soc. Ser. A, 265 (1961), 
245-263. 

[3] T.D. Browning. A note on the distribution of rational points on thrccfolds, 
Quart. J. Math., 54 (2003), no. 1, 33-39. 

[4] T.D. Browning. Equal sums of like polynomials, Bull. London Math. Soc, 
37 (2005), 801-808. 

[5] T.D. Browning and D.R. Heath-Brown. Counting rational points on hyper- 
surfaces, J. reine angew. Math., 584 (2005), 83-115. 

[6] T.D. Browning, D.R. Heath-Brown and P. Salberger. Counting rational 
points on algebraic varieties, Duke Math. J., to appear. 

[7] J. Franke, Y.I. Manin, and Y. Tschinkel. Rational points of bounded height 
on Fano varieties, Invent. Math., 95 (1989), 421-435. 

[8] D.R. Heath-Brown. The density of rational points on non-singular hyper- 
surfaces, Proc. Indian Acad. Sci., 104 (1994), 13-29. 

[9] D.R. Heath-Brown. The density of rational points on curves and surfaces, 
Annals of Math., 155 (2002), 553-595. 



11 



[10] U. V. Linnik. An elementary solution of the problem of Waring by Schnirel- 
man's method, Rec. Math. [Mat. SbormkJ N.S., 12 (54), (1943), 225-230. 

[11] J. Pila. Density of integral and rational points on varieties, Asterisque, 228 
(1995), 183-187. 

[12] T.D. Wooley. Sums and differences of two cubic polynomials, Monatsh. 
Math., 129 (2000), 159-169. 



12 



